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1. Orientation and background
1.1. Introduction
In 1905, a century ago, the year referred to by 
some as Einstein’s annus mirabilis (miracle year), 
the highest peak power of light was more than 
twenty orders-of-magnitude lower than it is today 
(see Figure 1). And yet, in his series of brilliant pa-
pers from that year, Einstein established the fun-
damental physical principles that today govern the 
interactions of light with matter at this “unimag-
inably” higher power level. The physics involved in 
today’s high-power-laser research involves the non-
linear optics of the highest electromagnetic field 
strengths ever achieved in the laboratory. This re-
search is leading to a new generation of compact and 
ultrashort-duration particle accelerators and X-ray 
light sources, with applications ranging from nuclear 
fusion to cancer therapy. 
Research in this area is one of the best examples 
illustrating how Einstein’s was a century ahead 
of his time. For example, without his paper on the 
quantum nature of light, the laser itself, which is 
critical for this research, would never have been pos-
sible. Without his paper on special relativity, the 
nonlinear optical effects observed at these laser in-
tensities would be incomprehensible. Last, Einstein’s 
paper on Brownian motion was the first study of 
atomic and molecular dynamics, which is one of the 
primary applications of today’s research with the ul-
trashort pulse duration light sources.
In this Letter, we present a summary of the cur-
rent status of research with ultra-high intensity and 
ultra-short duration laser light, and show how it con-
nects with Einstein’s visionary work of a century earlier.
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1.2. Relativistic optics and high field science
In 1905, the most powerful laboratory light source 
was the X-ray tube, which produced approximately 
1 kW of peak power. The electromagnetic field 
strength produced by such a source was quite mi-
nuscule when compared to the field that binds the 
electron to the nucleus. Thomson had just discov-
ered at this time that light scattered from an elec-
tron was emitted at the same frequency as the light 
that was incident, and that the electron would follow 
the electric field of the light wave. In 1960, nearly 
half a century later, the laser was invented, which 
as based upon Einstein’s quantum theory of light. 
With the ensuing dramatic increase in power, light 
could be focused to sufficient intensity to cause non-
linear optical effects in atomic media. In conven-
tional nonlinear optics, where the electric field of a 
light wave E is much smaller than an atomic field, 
Eat = 3 × 109 V/cm, various nonlinear phenomena, 
such as self-focusing, harmonic generation and Ra-
man scattering, arise due to the anharmonic motion 
of electrons in the combined fields of atom and laser. 
Approximate analytical solutions can be obtained 
by means of perturbation expansion methods, using 
E/Eat as the expansion parameter. At higher light 
fields, when E approaches Eat, this method breaks 
down and the medium becomes photo-ionized, creat-
ing a plasma, as illustrated by Figure 2. Further in-
creases in light intensity enabled nonlinear optical 
effects of even these free plasma electrons (see Fig-
ure 1).The nonlinearity arises in this case because 
the electrons oscillate at relativistic velocities in la-
ser fields that exceed 1011 V/cm, resulting in rela-
tivistic mass changes that exceed the electron rest 
mass and the light’s magnetic field becoming im-
portant. The work done by the electromagnetic field 
(E) on an electron (eEλ) over the distance of a la-
ser wavelength (λ) then approaches the electron rest 
mass energy (mec2), where e is the elementary charge 
of an electron, me is the electron rest mass and c is 
the speed of light. Effects analogous to those stud-
ied with conventional nonlinear optics—self-focus-
ing, self-modulation, harmonic generation, and so 
on—are all found, but based on this entirely differ-
ent physical mechanism. Thus, a new field of non-
linear optics, that of relativistic electrons, has been 
launched, as illustrated by Figure 2.  
One outcome of accessing this new optical regime 
is the generation of ultra-short duration frequency-
shifted light in a spectral region where there are no 
other compact sources. Another is the acceleration of 
other types of particles, such as positrons, ions and 
neutrons. These novel radiation sources have proper-
ties (femtosecond duration, micron source size, MeV 
energy) that make them suitable for numerous ap-
plications in imaging and spectroscopy in basic re-
search, as well as medical diagnostics, cancer ther-
apy, energy production and space propulsion. Rapid 
advancement is underway and new research tools, 
subfields and commercial products are on the hori-
zon: e.g., compact and ultrashort pulse duration la-
ser-based electron accelerators and X-ray sources.
Another physical regime will be encountered at 
even higher intensities (Iλ2 ~– 1024 W/cm2), when 
even protons will quiver relativistically: i.e., the 
work done on an proton over the distance of a laser 
wavelength approaches the rest mass energy. This 
might be called the nuclear regime of laser–plasma 
interactions, because of the fusion and fission reac-
tions and the generation of pions, muons and neu-
trinos that should occur as nuclei collide in such en-
ergetic plasmas.
For more detailed descriptions of recent progress 
in experiments and theory, several review papers 
have been published on related topics: (1) relativis-
tic nonlinear optics [25, 31, 33, 34, 35], (2) high-in-
tensity laser development [26], (3) laser accelerators 
[9], (4) intense laser–plasma interactions [13, 15, 18, 
23, 24, 33], (5) relativistic scattering [8, 14, 17], and 
(6) light ion acceleration [22].
Figure 1. History of light sources over the last century. 
Each advance in laser power enables a new regime of op-
tics. Reproduced from [33].
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2. Single-particle motion in high 
electromagnetic fields
An electron that is in the field of an electromag-
netic wave propagating in the +z direction has an or-
bit that is governed by the Lorentz equation,
          (1)
where v is the electron velocity, and E and B are the 
light’s electric and magnetic fields.
A zeroth order solution to Equation (1) is found by 
setting v/c << 1, which allows the term (v/c) × B to 
be neglected and γ is set to unity. Integrating Equa-
tion (1)  in this limit once over time (t) yields the fol-
lowing equations for the velocity, where “LP” signi-




An electron in low-intensity light oscillates with 
this velocity in a straight line along the polarization 
vector (êy), which when normalized to c, is the nor-
malized vector potential a0 ≡ eE0/meωc. Integrating 
again yields for the transverse displacement
   (3)
Thus, for the a0 ~ 1, the electron excursion during its 
oscillation is approximately λ.
A first order approximation for the electron mo-
tion can be found by substituting the zeroth order ve-
locity Equation (2)  into the v/c × B term of (1). The 
Figure 2. The various regimes of laser–matter interactions, represented by the ideal laser pulse. As the intensity of 
laser light increases, so does the energy of electrons accelerated in the light field and the regime of conventional non-
linear optics with electrons bound to atoms is replaced by the regime of relativistic nonlinear optics with free electrons 
in relativistic plasmas. At the highest intensities, even protons become relativistic, giving rise to what might be called 
the regime of nuclear optics, in which various nuclear processes, such as fusion, can take place. Reproduced from [33].
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latter then becomes proportional to
               
  (4)
In the frame in which the electron is on the aver-
age at rest, the relativistic motion of an electron is 
thus described by a figure eight, oscillating twice in 
the êz or kˆ direction for every once in the polarization 
direction (êx); i.e., a figure-eight motion. This origi-
nates from the fact that v × B ∝ E × B ∝ E2kˆ, which 
is a product of two functions that vary sinusoidally 
at frequency ω and thus varies itself at frequency 
2ω. In the lab frame, this transverse motion is su-
perimposed upon a steady drift in the (êz) direction, 
originating from the DC term in Equation (4). The 
next order approximation would include the mass 
shift m = γme. As the field strength increases  (a02 
1), the longitudinal motion (∝a02) begins to dominate 
the transverse motion  (∝a0).
In the regime a0  1, electrons radiate photons 
at harmonics of a modified laser frequency ω0, with 
each harmonic order having its own unique angular 
distribution. The radiation at the fundamental is the 
usual donut pattern, with a maximum in the direc-
tion perpendicular, and a minimum along, the po-
larization vector (êx). The second harmonic has two 
emission lobes with maxima pointing at angles be-
tween êz and êx. A additional lobe is added for each 
additional harmonic order. This is referred to as non-
linear or relativistic Thomson scattering. The unique 
angular distributions of the second and third har-
monics emitted from nonlinear relativistic Thomson 
scattering were observed experimentally [5]. As will 
be shown in detail in Section 4, the situation is more 
complex for a0  1, and the scattered light is no lon-
ger simply harmonic.
The Lorentz equation was modified by Einstein’s 
special theory of relativity to correct for the change 
in the electron mass:
 
(5)
where p is the particle momentum, m0 is the rest 
mass, γ = (1–v2/c2)–1/2 is the Lorentz factor, and q is 
the particle’s charge. Using this equation, it can be 
shown that the angle θ at which an electron scat-
ters is related to the transverse and longitudinal mo-
menta or the kinetic energy by:
 
(6)
In fact, this relation can be readily extended to the 
case of an electron with a nonzero initial kinetic en-
ergy, Ekin(t = 0) = (γ0 – 1)m0c2 yielding
 
(7)
where β0 is the initial electron speed normalized to 
the speed of light. The angle of electrons produced by 
photo-ionization with intense lasers has been shown 
experimentally to obey the conservation of canoni-
cal momentum, as demonstrated in experiments that 
studied the angular distribution of relativistic elec-
trons emitted from barrier-suppression ionization 
of atoms in intense laser fields, discussed in detail 
by Meyerhofer et al. in [34]. As the laser waist and 
pulse duration shrink and the intensity rises, this 
plane wave model eventually fails. This has dem-
onstrated, for example, in simulations by Quesnel 
and Mora [27].
3. Direct laser acceleration of electrons in 
vacuum
The Lawson–Woodward theorem states that in 
linear systems under certain conditions an electron 
can gain no net energy from a laser pulse. As the 
strength of the laser field increases, however, the Lo-
rentz force introduces a nonlinearity to the problem, 
and energy can be transferred directly from the la-
ser to the electron. The amount of energy is still lim-
ited by relativistic considerations, though. Since any 
charged mass necessarily travels at less than the 
speed of light, c, the laser light will overtake the par-
ticle. Thus, an electron cannot lock into a phase that 
constantly generates a positive acceleration. Instead, 
the electron alternates in a cycle of positive and neg-
ative acceleration yielding the figure-eight motion of 
an electron in a plane wave laser. When the laser is 
focused, the phase fronts become curved. Each point 
on these fronts travels at c along the propagation di-
rection k, but they do not cross a given plane normal 
to k at the same time. Therefore, an electron pos-
sessing the correct phase and velocity can observe a 
local phase velocity somewhat less than c by riding 
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this curvature and can be accelerated to high ener-
gies by surfing these phase fronts without violating 
special relativity.
The gradients of focused transverse laser fields 
can be used to accelerate and deflect electrons in 
vacuum for all angles of incidence through the pon-
deromotive force. The longitudinal field component 
of a tightly focused ultra-intense light beam can 
also play an important role. It can act to deflect a 
beam of energetic electrons, as was recently dem-
onstrated experimentally. 100-keV energy electrons 
were deflected by a laser with a0 = 1, corresponding 
to a 1-μm laser intensity of 3.46 × 1018 W/cm2 [1]. It 
has been shown theoretically that for a0 = 10, corre-
sponding to a 1-μm laser intensity of 3.46 × 1021 W/
cm2, relativistic electrons, with an energy as high as 
10 MeV, can be deflected.
In this experiment, the authors focused a ter-
awatt-power laser onto a beam of electrons (which 
had been accelerated by a plasma wave, driven by 
another synchronized laser pulse). The laser was 
pointed in a direction perpendicular to the direction 
in which the electrons were propagating. When a la-
ser beam is unfocused, it is true that it can be ap-
proximated as a plane wave, and the electric and 
magnetic fields are indeed primarily pointing in a 
direction that is perpendicular to the direction of 
propagation of the light wave. But, when laser light 
is tightly focused, the phase fronts become curved, 
and a significant fraction of the fields will then point 
towards the direction of propagation of the light 
wave. Through the familiar Lorentz force, these 
fields acted to accelerate the electrons in the same 
direction in which the fields were pointing. A cam-
era placed downstream from the electron beam was 
used to measure the angle the electrons had been de-
flected by the light beam. This result represents the 
first experimental verification of several recent the-
ories on laser acceleration of electrons in free space. 
Previous experimental results yielded results that 
were inconsistent with theory. But, not only is this 
discovery important from the point of view of funda-
mental physics, it also has several interesting and 
novel applications.
Using this technique, a single bunch of electrons 
with femtosecond duration was sliced out of the pi-
cosecond-long electron beam. This optical condition-
ing of energetic electron beams can be used to probe 
ultrafast physical and chemical dynamics on ultra-
short time scales. Either the electrons can be used 
directly for this purpose, such as in time-resolved 
electron diffraction, or ultrashort duration X-rays 
(that can be produced by Thomson scattering) can 
be used. In their experiment, the authors also dem-
onstrated that their technique could be used to di-
rectly measure ultrashort electron bunch durations.
4. Radiation from relativistic electrons
The harmonic generation discussed above in the 
nonrelativistic regime have studied theoretically in 
the relativistic regime by [17]; detailed discussions 
can also be found in Leemans et al., in Meyerhofer 
et al., and in [34].
To summarize the results, it is found that due to 
the rapid acceleration of electrons in the direction 
of the light wave and decrease of the oscillation fre-
quency in the deeply relativistic regime, the photon 
energy from relativistic nonlinear scattering scales 
only linearly with laser field strength, ~a0. How-
ever, the relativistic motion of the electron results 
in a reduction in the angle of the scattered light, 
such that the harmonics are generated in a low-di-
vergence-angle forward-propagating beam. There is 
also a relativistic Doppler shift (~γ2). For instance, 
this mechanism will be used in high-energy phys-
ics experiments to cleanly make constituent parti-
cles in the gamma–gamma (γγ) collider, in which 
gamma rays with energy 200 GeV will be generated 
by Compton scattering 1 eV photons from 250-GeV 
energy conventionally accelerated electron beams 
(γ  = 5 × 1011).
Using a much smaller, laser-based accelerator 
(discussed in Section 7), a 1 eV photon can be up-
shifted by this Doppler shift to an energy of 50 keV, 
corresponding to sub-atomic spatial resolution and of 
interest in medical diagnostics, by an electron beam 
with only γ = 200 (100 MeV). In this case, the max-
imum efficiency is obtained for laser fields a0 of or-
der unity. When compared with conventional light 
sources based on cm-wavelength magnetostatic wig-
glers, the electromagnetic wigglers of such an all-
optical-laser-based EUV sources have ten-thousand 
times shorter wavelength (micron-scale). Thus, the 
total length of the wiggler region is correspondingly 
smaller (only mm in length). Another consequence of 
this is that the frequency upshift required to reach a 
given output wavelength is also ten-thousand times 
126 D. Um s t a D t e r i n  Ph y s i c s Le t t e r s A  347  (2005) 
smaller. Also, given that the required electron en-
ergy scales as the square root of the upshift, the re-
quired electron energy can be one-hundred-times 
lower (10–100 MeV). It follows from this, and the 
fact that the field gradients of these accelerators 
can be ten-thousand-times higher (1 GeV/cm) than 
convention RF-based accelerators, that the size of 
the accelerating region can in principle be a million 
times smaller (only mm in length). Besides its small 
size, this EUV source can produce femtosecond du-
ration pulse and be synchronized with a relatively 
low jitter with another femtosecond light pulse hav-
ing a different wavelength (by virtue of the possibil-
ity of deriving the two pulses from the same laser 
pulse); this is advantageous for the study of ultra-
fast pump-and-probe photo-initiated processes. The 
exceptionally low transverse emittance of laser-ac-
celerated electron beams may even make it possi-
ble to generate coherent XUV radiation by means of 
the self-amplified spontaneous emission (SASE) free-
electron lasing (FEL) mechanism.
5. Propagation in a dielectric medium
To understand the propagation of high-intensity 
light in plasma, we need to understand how the di-
electric properties of a plasma medium are affected 
by the relativistic electron mass change (see e.g. Es-
arey in [34]). A wave equation is found from Max-
well’s equations, assuming a uniform plasma, and 
Equation (2) for the velocity:
(8)
where
is the plasma frequency. Assuming again plane 
waves and Fourier analyzing, yields the well-known 
dispersion relation for electromagnetic waves in 
plasma,
(9)
The index of refraction can be written fully rela-
tivistically as
(10)
where vφ is the phase velocity of the light wave. As-
suming infinitely massive ions, the plasma frequency 
can be written as
(11)
where ωp0 is the plasma frequency in a quiescent 
plasma, e is the electron charge, m0 is the electron 
rest mass, and ne is the plasma electron density. 
A change in mass changes the plasma frequency, 
which in turn modifies the index of refraction and 
the velocity of the light wave. For an underdense 
plasma, ω2p<<ω
2
0, the plasma refractive index can 
be Taylor expanded, and written as
(12)
where nc is the critical electron density and is equal 
to ω20me/4πe2. When a≤1, the plasma refractive in-
dex can be further simplified by expanding about a0, 
which results in
(13)
Where n1 = 1 – ne/2nc and n2 = (8.5 × 10–10λ [μm])2 
ne/8nc. The light’s phase velocity then depends on the 
laser intensity. This can be seen clearly if we expand 
the phase velocity for small field strength (a0 ≤ 1),
(14)
where 〈a02〉  denotes the time averaged value of the 
normalized vector potential. An on-axis minimum 
of the phase velocity [i.e., vφ(r) > vφ(0)] can be cre-
ated by a laser beam with an intensity profile peaked 
on axis, such as with a Gaussian beam, causing the 
wavefronts to curve inward and the laser beam to fo-
cus, as shown in Figure 3. When this focusing effect 
just balances the defocusing caused by diffraction, 
the laser pulse can propagate over a longer distance 
than it could in vacuum, while maintaining a small 
cross section. This mechanism is referred to as rela-
tivistic self-guiding. 
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6. Relativistic self-focusing
Relativistic self-focusing occurs when a radial 
change in the index of refraction, which is induced 
by a Gaussian radial intensity profile, just balances 
de-focusing due to diffraction [21]. Here, again, it is 
the relativistic mass change that gives rise to the 
change in the index of refraction. The threshold, crit-
ical, power for relativistic self-focusing is given by
(15)
This corresponds to 1 TW for 1-μm light fo-
cused into a gas with electron density of 1019cm–
3. Note that this is a power threshold, not an in-
tensity threshold, because the tighter the focusing, 
the greater the diffraction. Numerous recent exper-
iments have confirmed this focusing mechanism 
when P > Pcrit (see, e.g., [10]).
Any spatial variation of the laser intensity will 
act to push an electron to regions of lower intensity 




and F and E are the elliptic integrals of the first and 
second kind, respectively. In the low intensity limit, 
i.e., when a20<<1,
(18)
That is, the laser ponderomotive force is roughly pro-
portional to the gradient of laser intensity.
A Gaussian-shaped laser’s ponderomotive force 
will tend to expel electrons radially from the region 
of the axis, so-called “electron cavitation”. If the pon-
deromotive force is high enough for long enough, the 
charge displacement due to expelled electrons (in ei-
ther the lateral or longitudinal direction) will even-
tually cause the ions to move as well through the 
Coulomb electrostatic force, forming a density chan-
nel. Because ne(0) < ne(r), and thus vφ(0) < vφ(r), this 
enhances the previously-discussed relativistic self-
guiding and can itself guide a laser pulse.
For plasmas created by photo-ionization of a gas 
by a Gaussian laser pulse, the density will be higher 
on the axis than off the axis. If we instead expand 
the phase velocity in terms of changes in density,
(19)
The phase velocity will thus be higher on axis, which 
will tend to defocus the light and increase the self-
guiding threshold. In order to avoid this, gases with 
low atomic number and thus fewer available elec-
trons, such as H2, are commonly used as targets.
7. Raman scattering, plasma wave excitation 
and electron acceleration
The local phase velocity, described in Equations 
(14) and (19), can also vary longitudinally if the in-
Figure 3. Relativistic self-focusing occurs when an on-axis peak in light intensity (left) produces an on-axis dip in the 
phase velocity (middle), which acts like a positive lens to cause the phase fronts to curve inward (right). Reproduced 
from [33].
128 D. Um s t a D t e r i n  Ph y s i c s Le t t e r s A  347  (2005) 
tensity and/or electron density does. Local varia-
tion in the index of refraction can “accelerate” pho-
tons, i.e., shift their frequency, resulting in photon 
bunching, which in turn bunches the electron den-
sity through the ponderomotive force (F), and so on 
(e.g., see Mori in [34]). When the laser pulse dura-
tion is longer than an electron plasma period, τ >> 
τp = 2π/ωp, this photon and electron bunching grows 
exponentially, leading to the stimulated Raman scat-
tering instability. Energy and momentum must be 
conserved when the electromagnetic wave (ω0,k0) de-
cays into a plasma wave (ωp,kp) and another light 
wave (ω0 – ωp, k0 – kp).
From an equivalent viewpoint, the process begins 
with a small density perturbation, Δne, which, when 
coupled with the quiver motion, Equation (2), drives 
a current J = Δneeve. This current then becomes the 
source term for the wave equation, driving the scat-
tered light wave. The ponderomotive force due to the 
beating of the incident and scattered light wave en-
hances the density perturbation, creating a plasma 
wave and the process begins anew. In three dimen-
sions, a plasma wave can be driven when transverse 
self-focusing and stimulated Raman scattering occur 
together, a process called the self-modulated wake-
field instability.
Two conditions must be satisfied for self-modu-
lation to occur in the plasma. First, the laser pulse 
must be long compared to the plasma wave, L >> 
λp. This allows the Raman instability time to grow, 
and it allows for feedback from the plasma to the 
laser pulse to occur. Second, the laser must be in-
tense enough for relativistic self-focusing to occur, P 
> Pc, so that the laser can be locally modified by the 
plasma. Under these conditions, the laser can form a 
large plasma wave useful for accelerating electrons.
As the long laser pulse enters the plasma, it will 
begin to drive a small plasma wave due to either for-
ward Raman scattering or the laser wakefield effect 
from the front of the laser pulse. This small plasma 
wave will have regions of higher and lower density 
with both longitudinal and radial dependence. That 
is, the plasma wave will be three-dimensional in na-
ture with a modulation along the propagation di-
rection of the laser and a decay in the radial direc-
tion to the ambient density. The importance of this 
lies with how it affects the index of refraction in the 
plasma. In the regions of the plasma wave where the 
plasma density is lower, the radial change in the in-
dex of refraction is negative, ∂n(r)/∂r < 0. This means 
that this part of the plasma acts like a positive lens 
and focuses the laser. Whereas regions of the plasma 
wave where the density is higher, ∂n(r)/∂r > 0, the 
opposite occurs and the laser defocuses. This has the 
effect of breaking up the laser pulse into a series of 
shorter pulses of length λp/2 which will be separated 
by the plasma period. The instability occurs because 
of how the plasma responds to this. Where the laser 
is more tightly focused, the ponderomotive force will 
be greater and will tend to expel more electrons. This 
decreases the density in these regions even further, 
resulting in more focusing of the laser. This feedback 
rapidly grows, hence the instability.
The Raman instability is due to the positive feed-
back between the interaction of the plasma density 
disturbance and the Raman generation. As the dis-
turbance of the electron density seeds the Raman, 
the Raman, then, will beat with fundamental laser 
pulse and form an interfere pattern. The pondero-
motive force generated from the interference patter 
will further enhance the electron density fluctuation. 
Due to this feedback loop, an instability is possible.
The phase velocity of the plasma wave in the case 
of forward scattering is equal to the group velocity of 
the beat wave, which for low-density plasma is close 
to the speed of light, as can be seen from the relation
where Equation (10) and ω2p << ω2 were used to 
show that η is close to unity. Such relativistic plasma 
waves can also be driven by short pulses (τ ~ τp). In 
this case the process is referred to as laser-wakefield 
generation, referring to the analogy with the wake 
driven by the bow of a boat moving through water, 
but the mechanism is similar (except it has the ad-
vantage that the plasma wave is driven linearly in-
stead of as an instability).
In either case, the resulting electrostatic plasma 
wave can continuously accelerate relativistic elec-
trons with enormous acceleration gradients [30]. The 
gradient can be estimated from Coulomb’s law and 
the fact that because
then
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corresponding to 1 GeV / cm for ne = 1018 cm–3. Be-
cause this gradient is four orders-of-magnitude 
greater than achieved by conventional accelerators 
(based on fields driven by radio-frequency waves 
pumped into metal cavities), laser-driven plasma ac-
celerators have received considerable recent attention.
In the self-modulated regime, they have been 
shown to accelerate an amount of electron charge 
(100 nC) comparable to that from conventional ac-
celerators and to have superior transverse geomet-
rical emittance (product of divergence angle and 
spotsize, similar to the  f/# in light optics). However, 
their longitudinal emittance is currently much infe-
rior, energy spreads of 100%. They have been shown 
to be useful for much of the same applications: ra-
dio-isotope production, radiation chemistry, as well 
as X-ray, proton and neutron generation. Once the 
longitudinal emittance can be reduced, they may 
be advantageous for, among other applications, in-
jectors (especially of short-lived unstable particles) 
into larger conventional accelerators for high-energy 
physics research and light sources, and, as discussed 
in Section 4, as stand-alone all-optically driven ul-
trashort-pulse duration X-ray sources. Dramatic 
reduction of the angular divergence of a laser ac-
celerated electron beam was observed with increas-
ing laser power above the relativistic self-focusing 
threshold [36], as shown in Figure 4.
In the resonant regime, there have been some the-
oretical analysis and simulations done in the 80’s 
and 90’s [9, 16]. In recent years, the Ti:sapphire la-
ser using CPA technology can produce up to 50 TW 
of power with a pulse duration of 30 fs. With the 
availability of high power and short duration laser 
pulses, there have been many breakthroughs in ex-
periments in the resonant regime [11, 12, 19, 20, 
37]. Wang et al. first reported the experimental ob-
servation of an electron beam in this regime using 
an f/#3 parabola [37]. Their electron energy was con-
tinuous due to the filamentation induced by the hot 
spot in the laser beam. Malka et al. showed that the 
electron energy from LWFA can reach to 200 MeV 
with a long focal length parabolic mirror, and the 
energy spread was 100% [19]. In their experiment, 
the laser pulse duration was about 4 times longer 
than the plasma period. But due to the group veloc-
ity difference in the front and back edge of the pulse 
(the front edge moves more slowly since more elec-
trons were accumulated at the front), the laser pulse 
was self-compressed in the plasma and formed an 
optical shock. This resulted in an extremely sharp 
leading edge and was able to drive the relativistic 
plasma wave beyond its wave-breaking limit. In this 
case, there was no Raman scattering, but the laser 
spectrum became blue shifted and broadened. More 
recently, different research groups reported quasi-
monoenergetic electron beams in this regime with 
20% energy spread. The peak electron energy var-
ies from 80 to 120 MeV. Mangles et al. from Ruth-
erford and Geddes et al. from Berkeley National 
Lab explained this as the match of the interaction 
length with the dephasing length. In this condition, 
the electrons did not experience the deceleration so 
the energy did not spread [12, 20]. However, Faure 
et al. from LOA argued that the monoenergetic elec-
trons accelerated by the electric field formed behind 
the laser pulse and this theory was supported by a 
PIC simulation [11].
Most experiments on plasma wakefield accelera-
tion are in the regime of a20~1. The SIMLAC code 
has been used to study wakefield generation and la-
ser propagation in the limit a20 << 1  [29]. It draws 
from nonlinear optics models and treats propagation 
in the group velocity frame. In this idealized model 
(which assumes perfect Gaussian beams), the pulse 
and wake, are maintained over long enough propa-
gation distance to accelerate an electron to GeV en-
ergy. A three-dimensional envelope equation for the 
laser field was derived that includes nonparaxial ef-
fects, wakefields, and relativistic nonlinearities [29].
8. Relativistic phase modulation
Analogous to self-focusing, which is due to the spa-
tial refractive index modulation, the relativistic 
phase modulation of a high-intensity laser pulse is 
due to the refractive index modulation in the time 
domain. The time dependence of a laser usually can 
be described as a Gaussian distribution.
(20)
where T0 is the half-width (at 1/e -intensity point), 
T = t – z/vg and vg is the group velocity of the laser 
pulse in plasma.
As shown in Equation (13),the time dependent la-
ser intensity will result in a time dependent refrac-
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tive index. The frequency shift is given by,
(21)
This equation shows that the frequency shift de-
pends on the sign of ∂I(t)/∂t. For the rising part of the 
laser pulse, ∂I(t)/∂t > 0, and this causes the red-shift-
ing of the laser pulse. Conversely, the falling edge of 
the laser pulse introduces a blue shift. A short pulse 
also has a finite frequency bandwidth and each com-
ponent has different group velocity in the plasma, 
which causes the group velocity dispersion (GVD) ef-
fect and become severe when the laser pulse reaches 
tens of fs [6]. GVD effects also interplays with self-
phase modulation and causes instabilities [28].
The frequency bandwidth of a transform limited 
Gaussian pulse can be estimated from Fourier anal-
ysis and is given by:
(22)
where τ is the full width at half maximum (FWHM) 
of the laser pulse and c is the speed of light in vac-
uum. τ and T0 are related by
(23)
For instance, the bandwidth of a 400 fs laser pulse at 
1.053 μm is at least 4.1 nm. Due to the mismatch be-
tween the stretcher and compressor, the duration of 
a laser pulse is usually larger than that of the trans-
form-limited pulse.
Chen et al. report the observation of relativistic 
cross-phase modulation, which refers phase modu-
lation of one light pulse by another copropagating 
pulse of different wavelength. In their particular 
case, a relativistically intense laser pulse phase-
modulated a forward Raman scattering signal [4].
9. Interactions with solid-density targets
The generation of electrons by high-intensity la-
ser light interacting with solid targets can generate 
energetic X-rays, accelerate other types of particles 
and induce nuclear reactions. For instance, high-or-
der harmonics have been generated by the oscilla-
tion of the critical density surface, in the so-called 
moving mirror model [2]. Bright X-rays, originating 
from Bremstrahlung caused by electron collisions 
with high-Z atoms in solid-targets, have created iso-
topes by means of photofission. Laser-accelerated 
electron energies and angular distributions have 
been inferred from analyzing (γ, n) and (γ, 2n) reac-
tions in composite Pb/Cu targets and in Ta/Cu tar-
gets. Positrons were created by colliding laser-accel-
erated electrons with a tungsten target.
When electrons are heated to high temperatures or 
accelerated to high energies, they can separate from 
plasma ions. Such charge displacement creates an 
electrostatic sheath, which eventually accelerates the 
ions. The ions are pulled by the charge of the electrons 
and pushed by the other ions’ unshielded charges 
(similar to the “Coulomb explosion” that can occur 
during the ionization of atoms). When the charge dis-
placement is driven by thermal expansion, as in long-
pulse (low power) laser-plasma experiments, the max-
imum ion energies are limited to less than 100 keV. 
However, when the charge displacement is driven by 
direct laser heating, as in short-pulse high-power la-
ser-plasma experiments, multi-MeV ion energies are 
possible. This was first shown with gas jet targets, 
in which case the ions were accelerated radially into 
2π, and then later with thin solid-density-films, in 
which case the ions were accelerated into collimated 
beams. In the latter case, hydrocarbons and water on 
the surface of the film can become ionized and provide 
a source of protons to be accelerated.
Figure 4. Images of the spatial profiles of the electron beam measured by a CCD camera imaging a LANEX screen at 
a distance of 15 cm from the gas jet for various laser powers. The divergence angle of the beam decreases to a value of 
Δθ = 1° at a power of 2.9 TW, corresponding to a transverse geometrical emittance of just  ε⊥  0.06π mm mrad. Re-
produced from [32].
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An intense laser can ponderomotively heat elec-
trons. If the laser contrast is high, vacuum heat-
ing can occur in the following manner. When light 
encounters a sharp interface between vacuum and 
solid density, the electromagnetic field becomes ev-
anescent in the region above the critical density. 
The instantaneous “v × B” force can push electrons 
in the direction of the light’s propagation vector; it 
also has a frequency twice that of the pump and a 
magnitude proportional to the square of the normal-
ized vector potential, a20. Thus, electrons can only 
complete half of their figure-eight orbits, on the vac-
uum side, gaining relativistic energies; they move 
through the overdense region without the electro-
magnetic field to pull them back. An electrostatic 
sheath can thus form, which will accelerate the ions 
left behind. Another important heating mechanism 
is stochastic heating, which occurs when the light 
that is reflected from the critical surface beats with 
the incoming wave to create a standing wave. The 
motion of electrons in such a wave can become cha-
otic, resulting in a large increase in electron temper-
ature (>100 keV).
As the heated electrons propagate through a 
solid, they can instantaneously field-ionize the 
neutral atoms of the solid. This will both modify 
the solid’s conductivity and provide a source of pro-
tons on the rear-side of the target. If the film is 
thin enough, the electrons can pass through, and 
create a sheath on the rear-side of, the target. This 
latter mechanism has been dubbed the target nor-
mal sheath acceleration mechanism. The ions from 
thin foils have been claimed to originate from both 
the front and rear-side of the foil.
Several groups have reported the observation of 
ions originating from thin-film solid-density targets. 
Unlike previous long-pulse experiments, the ions 
were accelerated along the direction normal to the 
side of the target that is opposite to that upon which 
the laser was incident. The ions generally originate 
from water or hydrocarbons on the surface of the ma-
terial. The acceleration results from several differ-
ent mechanisms, which may be occurring simulta-
neously. Charge-displacement is again common to 
all, with the electrons being heated ponderomotively, 
such as by Brunel [3], J × B or stochastic heating. 
In one case, the electrostatic sheath is formed at the 
backside of the ionization layer formed on the side 
of the target upon which the laser is incident (front 
side). In another case, the electrostatic sheath is 
formed by field ionization of the ion layer on the op-
posite side of the thin film target (back-side), the tar-
get normal sheath acceleration (TNSA) hypothesis. 
Numerical simulations show evidence for both front 
and back-side acceleration.
The results of these experiments indicate that a 
large number of protons (1013p) can be accelerated, 
corresponding to source current densities (108 A/cm2) 
that are nine orders-of-magnitude higher than pro-
duced by cyclotrons, but with comparable, or even 
lower, transverse emittances (ε⊥ ≤ 1.0π mm mrad). 
Proton energies up to 60 MeV have been observed 
in experiments at intensities exceeding 1020 W/cm2 
(using a petawatt power laser). The high end of the 
proton spectrum typically has a sharp cut-off, but is 
a continuum. In one experiment, protons were ob-
served to be emitted in ring patterns, the radii of 
which depend on the proton energy, which was ex-
plained by self-generated magnetic fields.
The production of radionuclides have been used as 
an ion energy diagnostic. In another example of a nu-
clear reaction initiated by an intense laser, neutrons 
have been produced by the He fusion reaction in the 
focus of 200 mJ, 160 fs Ti:sapphire laser pulses on a 
deuterated polyethylene target. Optimizing the fast 
electron and ion generation by applying a well-de-
fined prepulse led to an average rate of 140 neu-
trons per shot. Neutrons have also been generated 
from cluster plasmas [7], which were produced by 
the cooled-nozzle, but with significantly lower laser 
intensities than required with planar solid targets.
10. Concluding remark
Clearly, this new field of relativistic nonlinear op-
tics would not exist today without Einstein’s contribu-
tions to our understanding of the physical principles 
that underlie it. This is just one of many examples 
(several of which were discussed in this special is-
sue) that illustrate how the impact of Einstein’s mir-
acle year is still being felt a century later. Others will 
surely follow as the power of lasers continues to in-
crease in the future, with no foreseeable limit. 
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